Abstract. We propose a method dedicated to the simulation of interface flows involving an arbitrary number m of compressible components. Our task is two-fold: we first introduce a m-component flow model that generalizes the two-material five-equation model of [2, 3] . Then, we present a discretization strategy by means of a Lagrange-Remap [8, 10] approach following the lines of [5, 7, 12] . The projection step involves an anti-dissipative mechanism derived from [11, 12] . This feature allows to prevent the numerical diffusion of the material interfaces. We present two-dimensional simulation results of threematerial flow.
Introduction
In this paper, we are interested in the simulation of a multicomponent flows with sharp interfaces that separate m distinct materials on a Cartesian grid. Each material is supposed to be a compressible fluid equipped with its own Equation of State (EOS) and all viscosity effects are neglected. We consider an approach that relies on m variables Z k , k = 1, . . . , m usually called colour functions. The function Z k take the value 1 in pure fluid k regions and 0 elsewhere. This method allows to choose the relevant EOS at each point of the domain. In this context the material interfaces are discontinuity locus of the colour functions. The interfaces motion is governed by imposing each Z k to verify a transport equation.
With a focus on ease of implementation, we take advantage of this Eulerian approach by choosing Eulerian Finite-Volume discretization strategies for all the variables. The update of the interfaces position is obtained by approximating the evolution equation of each Z k . As a result, for standard numerical schemes, the interfaces are numerically spread over a few grid cells by common numerical methods and the sharp interface model is no longer valid. A classical cure consists in introducing a numerical transition model that allows the interface to be diffused while converging towards the right discontinuity when the discretization space step tends to zero. To this purpose we adopt an extend for an arbitrary m ≥ 2 the model proposed in [2, 3] that deals with the case m = 2. The model we propose here is hyperbolic under simple hypotheses pertaining to the pure fluid EOS's.
Although the above approach succeeds in simulating m-component interface flows, the structure of the interface may be altered by numerical diffusion throughout the computation. Our second task is to adress this issue by designing a Lagrange-Remap anti-diffusive strategy following [11, 12] . The numerical we propose here is conservative with respect to global mass, total energy momentum and partial masses. The approximate transport of the color functions follows the recursive construction of [11] : the update of Z k has built-in stability and consistency, while ensuring that the summation of the color functions over all the materials equals to one.
The outline of the paper is as follows. We first introduce our m-component flow model. Then we present the Lagrange-Remap algorithm developed for discretizing this system in the case m ≥ 2. Finally, we present a simulation of instability involving a triple point problem [9] .
A m-Component Extension of the Two-Component Five-Equation Model
We consider a medium composed of m ≥ 2 compressible materials. Each component is provided with an EOS (ρ k , p k ) → e k (ρ k , p k ), where ρ k , p k , e k are the density, partial pressure and specific interal energy of the fluid k. We recall that Z k denotes the color function associated with the material k: Z k takes the value 1 in fluid k and 0 elsewhere. The components share the same velocity u. The density ρ and the specific internal energy of the m-component medium are defined by
We note E = e + |u| 2 /2 the specific total energy of the medium. The colour function Z k is imposed to verify an immiscibility-type property that reads
We consider the following generalization of the two-component five-equation model [2, 3] 
where the pressure p is defined by the closure relation
Let us note
For medium composed by m Mie-Grüneisen materials existence and uniqueness of p is granted without additional hypotheses. In particular, if each component k is governed by a Perfect Gas EOS p k = (γ k − 1)ρ k e k , k = 1, . . . , m, then the medium pressure p is defined by the following analytical formula
Following the same lines as in [2, 3] one can state the following proposition, concerning the eigenstructure and the well-posedness of system (2). Proposition 1. Suppose ξ k > 0, then system (2) with isobaric closure (3) is hyperbolic. It possesses 2m + 2 eigenvalues {u − c, u, . . . , u, u + c} where c is the global sound speed given by
The field associated with the eigenvalues u±c are genuinely non-linear and the fields associated with the multiple eigenvalue u are linearly degenerate.
Remark 1. The initial multi-material interface problem now boils down to solving a global system of equations for a compressible flow with a mass balance equation and a passive scalar transport equation for each component.
Anti-diffusive Lagrange-Remap Scheme
In this section, we present an anti-diffusive Lagrange-Remap method [8, 10] for our m-component system (2) adapted from the m = 2 case [4, 12] . This discretization relies on a two-step splitting that decouples the acoustic effects taken into account by Lagrange step from the transport that is approximated within the Remap step. The Lagrange and Remap steps are respectively associated with genuinely nonlinear fields and linearly degenerate fields.
We present our method in the one-dimensional case. Multi-dimensional problems are treated by means of a dimensional splitting as in [12] . Let ∆t and ∆x be respectively the time and space step. The real line is discretized over the mesh ([i∆x, (i + 1)∆x]) i∈Z . Let A be any variable. We consider a single time-step from t n to t n+1 and for the sake of readability a cell-centered value of A evaluated at instant t n , evaluated after the Lagrange step and after the Projection step will be noted respectively A i , A i and A i . We use the same notation for face-centered values with a i + 1/2 subscript. We also note
Lagrange step
The Lagrangian step consists in solving the Euler equations in Lagrangian coordinates [8, 10] . Following [12] , we perform this task using the acoustic scheme [6] . If we note λ = ∆t/∆x and L i = 1 + λ u i , this reads
with (ρc) i+1/2 = max ((ρc 2 ) i , (ρc 2 ) i+1 ) min (ρ i , ρ i+1 ) and (ρc 2 ) i computed thanks to (5).
Time Step Choice
As in [12] , for the sake of stability for both Lagrange and remap step, we shall assume in the sequel that the time step verifies the following Courant-Friedrichs-Lewy (CFL) condition
Remap step
The remap step accounts for the material transport of the fluid [8, 10] . In this context we use the following general form (see [4] )
While u i+1/2 and u i are defined in section 2.1, we shall detail in the sequel the construction of the Remap
Anti-Diffusive Color Functions Remap Flux
For each k = 1, . . . , m, we use the lines of [5, 6, 12] and consider two real numbers
] yields a consistent and stable discretization for Z k under the assumption (7). Unfortunately, this selection process does not ensure that the unit sum constraint (1) will be verified by the approximation of Z k , k = 1, . . . , m. As proposed in [11] , we adopt a recursive construction in order to fulfill this additional constraint. For k = 1, we set
and choose
. . , m − 1, suppose that Z l,i+1/2 are already known for l ≤ k, then we define
Finally, the above procedure allows to define a set of intervals
ensures that the numerical approximation of Z k is stable, consistent and satisfies the unit sum constraint. Recall that the downwind value for the flux of
In order to limit the numerical diffusion of the color functions, we adopt the strategy proposed by [5, 7] and applied in [4, 11, 12] : for k = 1, . . . , m we choose Z k,i+1/2 to be the closest value within [d k,i+1/2 , D k,i+1/2 ] to Z do k,i+1/2 the downwind value of Z k . This leads to set
We define here the Remap fluxes for all the conservative quantities. We define the phasic density and specific internal energy in the whole computational domain by setting ρ k = (ρ k Z k )/Z k , e k = e k (ρ k , p) if Z k = 0 and ρ k = e k = 0 otherwise. The quantites ( ρ k , ρ k e k , u) i+1/2 are set to the upwind value with respect to the velocity u i+1/2 , namely
Using the definition of the conservative variables and the color function fluxes defined in section 2.3.1, we obtain the following fluxes that complete the design of our numerical scheme:
Numerical result
The numerical results presented in the sequel have been obtained thanks to hydrodynamic code Heracles [1] developed by E. Audit and his coworkers 1 in which the main method of this paper has been implemented. We proposed here a triple point test case dealing with a two-dimensional three-material Riemann problem in a rectangular domain whose dimensions and initial data are depicted on Fig. 1 . This test has been examined in [9] . As we can see on Fig. 2 representing the interfaces at different times, a shock is propagating from the left material (blue) to the right two materials. As the green fluid is lighter then the two others, there is a Kelvin-Helmoltz like instability appearing. Globally, the numerical solution obtained is in good agreement with those found in the litterature (see [9] ). In addition, one should observe the benefit of anti-diffusive scheme especially for the interface which remains sharp and then is precisely captured.
Conclusion & future work
In this work, we have proposed an approach for the simulation of multi-materials flows with an arbitrary number of component using an extension of the andi-diffusive strategy based on the techniques presented in [11, 12] . The numerical results are in good agreement with those obtained in the litterature. In particular, they demonstrate the great advantage of the andi-diffusive scheme which is simple to implement and very efficient especially to accurately treat the interface. Extension to the second order in space using MUSCL reconstruction is in progress adapting [4] , especially to improve the nonlinear waves resolution. 
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